Transient mixed-mode elastodynamic crack growth along arbitrary smoothly varying paths in functionally graded materials (FGMs) is considered. The property gradation in FGMs is considered by varying shear modulus and mass density exponentially along the gradation direction. Crack tip out of plane displacement fields and their gradients are developed for propagating curved cracks of arbitrary velocity using asymptotic approach. The mode-mixity due to the inclination of curved crack with respect to property gradient is accommodated in the analysis through superposition of the opening and shear modes. The expansion of the displacement fields and their gradients around the crack-tip are derived in powers of radial coordinates with the coefficients of expansion depending on the instantaneous value of the local curvature of the crack path, time derivatives of crack-tip speed, and time derivative of mode-I and mode-II stress intensity factors. The effect of the transient terms instantaneous local curvature, crack-tip speed, time derivatives of crack-tip speed, and time derivative of mode-I and mode-II stress intensity factors on the contours of constant out of plane displacement are also discussed.
Introduction
With growing applications of Functionally Gradient Materials (FGMs) (e.g., Suresh and Mortensen, 1998; Miyamoto et al., 1999; Ichikawa, 2000) research on fracture behavior of these non-homogeneous solids has generated considerable interest. A large body of work has been reported on general fracture mechanics problems such as behavior of cracks and nature of stress fields in FGMs by several researchers (Delale and Erdogan, 1983; Eischen, 1987; Schovanec and Walton, 1988; Konda and Erdogan, 1994; Gu and Asaro, 1997) . Delale and Erdogan (1983) showed that even in non-homogeneous materials, near the crack-tip the stress fields maintain the classical inverse square root singularity. Konda and Erdogan (1994) for mode-I and mode-II stress intensity factors for a mixed-mode crack in FGM and discussed the effects of material non-homogeneity, crack orientation, loading conditions and Poisson's ratio on the stress intensity factor. Later, Gu and Asaro (1997) and Wu and Erdogan (1997) provided the expressions for stress intensity factors for quasi-static cracks in FGMs, for various specimen geometries, crack orientation and loading conditions.
For detailed experimental fracture investigation of these materials using techniques such as photoelasticity, moiré interferometry, speckle interferometry and coherent gradient sensing, asymptotic expansion of crack-tip field equations are necessary. Considering a Taylor series expansion of elastic property variation in non-homogeneous solids, Eischen (1987) showed that the stresses proportional to r À1/2 and r 0 are not affected by the material property variation and the effect of non-homogeneity reflects only in the higher order terms (r 1/2 , r, r 3/2 etc.). Later, Parameswaran and Shukla (2002) developed asymptotic expansion of quasi-static crack-tip stress fields for a crack aligned along the direction of property variation in FGMs. In continuation of their studies, Chalivendra et al. (2003) obtained quasi-static stress field equations for cracks inclined to the property gradation. In parallel to quasi-static studies, investigations on asymptotic field expansions for propagating cracks were also conducted. Atkinson and List (1978) were the first to study crack propagation in materials with spatially varying elastic constants using integral transforms. Later, Parameswaran and Shukla (1999) used asymptotic approach to obtain out of plane displacement field equations for a crack propagating along the gradation. Using the similar approach, Chalivendra et al. (2002) developed dynamic out of plane displacement equations for a crack at an arbitrary angle to properties gradation direction. All these above studies were focused on cracks propagating at constant velocities. Due to spatial variation of mechanical properties such as Young' modulus and fracture toughness, the crack have tendency to accelerate or decelerate while they are propagating in FGMs. To meet this situation, Shukla and Jain (2004) and Chalivendra and Shukla (2005) , developed transient field equations for cracks propagating at arbitrary velocities. Even though the above mentioned extensive studies of asymptotic field equations serve the purpose of obtaining fracture parameters from experimental data, these studies have not incorporated cracks path curvature associated with propagating crack in these materials. It has been reported in the experimental and numerical studies that propagating cracks follow curved paths under various loading conditions due to spatial variation of properties in graded materials (e.g., Lambros et al., 2000; Noda et al., 2003; Walters et al., 2005; Tohgo et al., 2005; Tilbrook et al., 2005) . In order to extract fracture parameters accurately from experimental data associated with curved cracks, it is essential to consider curvature terms along with rate of change of crack tip velocity and rate of change of dynamic stress intensity factors in the field equations. Liu and Rosakis (1994) developed higher-order asymptotic expansion of non-uniformly propagating dynamic crack along an arbitrary curved path for homogeneous materials and they emphasized the importance of curvature terms when experimental data points are considered away from the singularity zone to extract fracture parameters. To the author's knowledge, there are no studies reported in the literature on the development of field equations for curved cracks in functionally graded materials.
In this paper, through an asymptotic analysis the transient out of plane displacement fields for a curved crack propagating at arbitrary velocity in FGMs are developed. The property gradation in FGMs is considered by varying shear modulus and mass density exponentially along the gradation direction. The mode-mixity associated with curved crack with respect to property gradation is accommodated in the analysis through superposition of opening and shear modes. First three terms of out of plane displacement fields and their gradients are derived in powers of radial coordinates with the coefficients of expansion depending on the instantaneous value of the local curvature of the crack path, time derivatives of crack-tip speed, and time derivative of mode-I and mode-II stress intensity factors. The contours of constant out of plane displacements are plotted to discuss the effect of the transient terms instantaneous local curvature, time derivatives of crack-tip speed, and time derivative of mode-I and mode-II stress intensity factors on crack tip out of plane displacements.
Theoretical formulation
At a continuum level, the properties at any given point in an FGM can be assumed to be same in all directions, hence FGMs can be treated as an isotropic non-homogenous solid. Spatial variation of elastic properties and inclination of curved crack with respect to the gradation direction make analytical solutions to the elastodynamic equations extremely difficult. Hence, an asymptotic analysis similar to that employed by Freund (1990) is used to expand the crack-tip field around a propagating curved crack.
An isotropic linear elastic FGM of infinite dimensions, containing a propagating curved crack in the x-y two-dimensional plane is shown Fig. 1 . At time t = 0, the crack-tip happens to be at the origin of Cartesian coordinate system x-y. For any time t > 0, the position of the propagating crack-tip is supposed to be given by (X(t) and Y(t)) as shown in Fig. 1 . The shear modulus and mass density are assumed to vary exponentially in x-direction as given in Eq. (1) and the Poisson's ratio (m) is assumed to be constant.
where l o and q o are the shear modulus and density at the origin (x = y = 0) respectively and d is the nonhomogeneity parameter having dimension (Length) À1 . It can be observed that the Lame's constant also varies exponentially as shown in Eq. (2).
where j = (3 À 4m) for plane strain and j ¼ 3Àm 1þm
for plane stress. Let u and v, functions of x, y and t, represent the displacements in the x and y directions respectively with t representing the time. The Hooke's law for a plane problem can be written as
is the dilatation and r xx , r yy and r xy are the inplane stress components. The equations of motion for a plane problem can be written as Substituting for the stresses and density from Eqs. (3) and (1) respectively into Eq. (4) and after simplification, the equations of motion become
By defining x ¼ ov ox
as the rotation, we can write
where
oy 2 : Using Eqs. (7), (5) and (6) are manipulated to represent them in terms of D and x only. This manipulation involves, first differentiating Eq. (5) with respect to x, differentiating Eq. (6) with respect to y and then added together. Second, Eq. (5) is differentiated with respect to y, Eq. (6) is differentiated with respect to x and subtracted from the former. The resulting equations of motion are given below:
The above equations would reduce to the classical 2-D wave equations of dilatation and rotation by assigning d to zero. Due to non-homogeneity, these equations loose their classical form and remain coupled in two fields D and x, through the non-homogeneity parameter d. Now introduce a new moving coordinate system, (n 1 , n 2 ), so that the origin of the new system is at the moving crack-tip. The n 1 -axis is tangential to the crack trajectory at the crack-tip and coincides with the direction of the crack growth. The crack is propagating with varying velocity (c) as a function of time along the local n 1 -direction. The angle between n 1 -axis and the fixed x-axis is denoted by b(t), as shown in Fig. 1 . Therefore the relationship between the coordinates in these two systems is
If the length of the trajectory that the crack-tip travels during the time interval [0,t] , is denoted by s(t), then the magnitude of the crack-tip speed c(t) will be _ sðtÞ, and the curvature of the crack trajectory at the tip of the crack tip, k(t), is given by
q . Using the transformations and the relations given in Eqs. (12)- (14), the equations of motion (8) and (9) are further written in the crack-tip moving coordinate reference (n 1 , n 2 ) as given in Eqs. (15) and (16).
where i ¼ 1; 2 and j ¼ 1; 2 ð13Þ
where a
Asymptotic expansion of crack-tip fields
The asymptotic approach employed in this paper is consistent with the approach used by various researchers in the literature (Freund, 1990; Liu and Rosakis, 1994) . The advantages of this approach are: (i) it does not consider finite specimen geometry, and (ii) it does not need the information of external loading boundary conditions. The only boundary conditions need to be satisfied are crack face and crack front boundary conditions associated with propagating crack-tip. In the asymptotic analysis, first a new set of coordinates is introduced as defined in Eq. (17).
where e is a small parameter and as e approaches to zero, all the points in the n 1 , n 2 -plane except those near the crack-tip are mapped beyond the range of observation in the g 1 , g 2 plane. Eqs. (15) and (16) are now written in these scaled coordinates as below:
At this stage it is assumed that D and x are represented as a power series expansion in e. 
Now substituting power series expansions (20) into Eqs. (18) and (19) gives the following equations:
For Eqs. (21) and (22) to be valid, the partial differential equations corresponding to each power of e (e À1/2 , e 0 , e 1/2 , . . .) should vanish independently. This leads to the following set of partial differential equations: For m = 0 and m = 1
For m = 2 and m = 3
It should be observed from the above set of equations that the Eqs. (23) and (24) are similar to that for homogeneous material where as the partial differential Eqs. (25) and (26), associated with higher powers of e are coupled to the differentials of the lower order functions through the non-homogeneity parameter d. Eqs. (23) and (24) can be easily reduced to Laplace's equations in the respective complex domains
. Since the curved crack is propagating at an angle to the direction of property gradation, the stress field near the crack-tip is a combination of both opening and shear modes (mixed mode). Gu and Asaro (1997) reported in their analysis for elastic solution that the stress field related to opening mode and shear modes can be superposed to obtain the mixed-mode solution. The solutions for Eqs. (23) and (24) are same as homogeneous material provided by Irwin (1980) and Freund (1990) and can be written as
In the above Eqs. (27), A n , B n , C n , D n are real constants that vary with time. It can also be noticed that q l , h l , q s and h s are also functions of time.
Using the definitions of dynamic stress intensity factors K ID and K IID for opening and shear modes (e.g., Freund, 1990) as given in Eq. (28), the relations between A 0 (t), K ID (t) and C 0 (t), K IID (t) are obtained respectively.
where l c is the crack-tip shear modulus, K ID (t) and K IID (t) are the time dependent mode-I and mode-II dynamic stress intensity factors.
Considering the crack face boundary conditions r n 2 n 2 ¼ 0 and r n 1 n 2 ¼ 0 we can also obtain the following relationships between A 0 (t), B 0 (t) and C 0 (t), D 0 (t), respectively.
The solution for Eqs. (25) and (26) corresponding to higher powers of e (m = 2) consists of two parts: classical solution and solution due to non-homogeneity and these can be obtained recursively (e.g., Freund and Rosakis, 1992) . The solutions / 2 and w 2 obtained are given below. At this stage it can be noticed that the solutions / 0 , w 0 , / 1 and w 1 automatically satisfy the compatibility equations because the solutions are same as those of homogeneous materials. Since the non-homogeneous specific parts of / 2 and w 2 are obtained from / 0 and w 0 , they also satisfy the compatibility equations. 
where The higher order terms for m = 3 are same as those for homogeneous material for mixed-mode loading since the partial differential equations (see Eqs. (25) and (26))) reduces to scaled Laplace's equations on substituting / 1 and w 1 . The solutions / 3 and w 3 are given below:
Assuming plane stress conditions and similar out of plane deformation on both sides of the specimen around the crack-tip, the out of plane displacement and their gradients can be determined by substituting D, 
where t w is the thickness of the specimen in the out of plane direction.
Discussion on solutions
In order to understand the importance of transient terms associated with the parameters such as the instantaneous value of the local curvature of the crack path, crack-tip speed, time derivatives of crack-tip speed, and time derivative of mode-I and mode-II stress intensity factors in crack-tip field equations while extracting fracture parameters from experimentally determined out of plane displacement fields, analytical out of plane displacement contours for various values of above mentioned transient parameters are plotted. It is important to mention here that in an experimental investigation, the constants A n (t), B n (t), C n (t) and D n (t) of the various terms in the expansion of the out of plane displacements are determined from experimental data. The constants A 0 (t), B 0 (t), C 0 (t) and D 0 (t) are related to mode I and II stress intensity factors (K ID (t) and K IID (t)) as given in Eqs. (29) and (30). The theoretical contours were drawn for a fixed value of K ID (t) and K IID (t). The remaining constants were assigned a value of zero.
The typical values of material properties and material thickness used in generating contours are as follows: Poisson's ratio (m) = 0.3, shear modulus at the crack-tip (l c ) = 1 GPa, density at the crack-tip (q c ) = 2000 kg/m 3 and thickness (t) = 0.005 m. The typical values of instantaneous value of the local curvature of the crack path, mode-I and mode-II stress intensity factor values, and time derivative of mode-I and mode-II stress intensity factors used in plotting are provided along with figures and are also discussed below. Dally and Shukla (1979) showed that the rate of change of velocity at crack initiation could be of the order of 10 7 -10 8 m/s 2 and the rate of change of K ID and K IID at crack initiation could be of the order of 10 5 -10 6 MPa m 1/2 s À1 . The value of d = 20 corresponds to a 7.4 times increase of Young's modulus over a distance of 0.1m along the gradient. The plots are made for two different loading condition: (a) pure mode-I loading condition where k(t) and b(t) are set to zero, (b) mixed-mode loading conditions where k(t) and b(t) are not zero. Fig. 2 shows the contours of constant out of plane displacements under mode-I crack-tip loading conditions for four different situations. In this figure, the tangent to curvature of crack-tip occupies the negative n 1 -axis and the crack-tip is positioned at the origin. In case of Fig. 2(a) , for typical mode-I conditions with k(t) = 0 and b(t) = 0, the contours are symmetric with respect to n 1 -axis. It can be noticed in Fig. 2(a) , all transient terms are assumed to be zero except c(t) = 300 m/s. In order to consider transient effect for mode-I loading conditions, only dK ID (t)/dt = 5 · 10 5 MPa m 1/2 s À1 is considered in Fig. 2(b) . The effect of this term has significant influence on the spatial distribution of the displacement field. It can be seen from this figure that the number and size of the contours increase due to transient effects. In Fig. 2(c) , transient effect due to only acceleration (dc/dt = 5 · 10 7 m/s 2 ) is considered and dK ID (t)/dt term is set to zero. The transient effect of acceleration on spatial distribution is also significant, however the effect is less severe compared to the effect of dK ID (t)/ dt. Combining both aspects of acceleration (dc/dt = 5 · 10 7 m/s 2 ) and dK ID (t)/dt (dK ID (t)/dt = 5 · 10 5 MPa m 1/2 s À1 ), the contours are plotted in Fig. 2(d) and there is slight change in the size and number of contours compared to the case of only dK ID (t)/dt = 5 · 10 5 MPa m 1/2 s À1 shown in Fig. 2(b) . Fig. 3 shows the effect of transient terms on contours of constant out of plane displacements under cracktip mixed-mode loading conditions. Typical crack-tip mixed-mode conditions k(t) = 20 and b(t) = 45°, K ID (t) = 1 MPa m 1/2 , K ID (t) = 1 MPa m 1/2 are assumed for plotting. Similar to Fig. 2(a) , no transient terms are considered except c(t) = 300 m/s in Fig. 3(a) . It is quite obvious that the contours are asymmetric with 
respect to n 1 -axis for mixed-mode loading conditions. Transient conditions under mixed-mode loading conditions are brought into effect in the Fig. 3(b) , by considering only rate of change of mode-I and mode-II stress intensity factors dK ID (t)/dt = 5 · 10 5 MPa m 1/2 s À1 , dK ID (t)/dt = 5 · 10 5 MPa m 1/2 s À1 . These terms also bring significant amount of changes to the spatial distribution of displacement field similar to mode-I loading conditions. In case of Fig. 3(c) , only acceleration term is considered by setting a typical value of dc/ dt = 5 · 10 7 m/s 2 , the contours undergo slight change compared to no-transient terms case shown in Fig. 3(a) . Again the rate of change of mode-I and mode-II stress intensity factors has severe impact compared to acceleration terms. Combined effect of acceleration and rate of change of stress intensity factors has slight impact compared to case discussed in Fig. 3(b) . It can be concluded from these two figures (Figs. 2 and 3 ) that the transient terms have significant influence on the contours of displacement fields, in those situation these terms can not be ignored and extract fracture parameters from experimental data. These situations will be quite common in functionally graded materials, where a curved crack can experience drastic changes in stress intensity factors as it propagates. In those situations it is essential to consider transient terms in extracting fracture parameters from experimental data.
Concluding remarks
Asymptotic expansion of first three terms of out of plane displacement fields and their gradients for a transient propagating smooth curved crack are obtained. These displacement fields are required for extracting the fracture parameters by analyzing full-field data around the crack-tip obtained through experimental techniques, such as coherent gradient sensing, moiré interferometry and speckle interferometry. It can be noticed from the above derived solutions (Eqs. (36)- (38)) that almost one third of the expansion of out of plane displacement field expression and their gradients has terms associated with instantaneous curvature, k(t). Along with curvature terms, it can also be noticed that the terms associated with rate change of velocity ð_ cÞ and rate of change of fracture parameters in the form of D l ½D 0 ðtÞ also significantly represented in the expansions. Using these displacement fields, the effect of transient parameters on analytical contours of constant out of plane displacement under both opening and mixed-mode loading are plotted. These contours show that the transient effects cause significant spatial variation in out of plane displacements around the crack-tip. Since the properties around the crack-tip in FGMs change during crack propagation, the crack growth in a FGM is likely to be transient with the crack speed and dynamic stress intensity factor changing as a function of time. The transient phenomena would be more predominant when the crack propagates arbitrarily curved path at an angle to the property gradation in FGMs. It is essential to consider the curvature, rate of change of velocity and rate of change of fracture parameters terms in the expansion for a curved crack in extracting fracture parameters from experimentally determined crack-tip field.
